Abstract In the paper, relativistic filamentation of intense laser beam in inhomogeneous plasma is investigated based on the nonparaxial region theory. The results show that, relativistic nonlinearity plays a main role in beam filamentation, and plasma inhomogeneity further reinforces the beam filamentation. The combination effects of relativistic nonlinearity and plasma inhomogeneity can generate particularly intense and short pulse laser. However, plasma inhomogeneity leads to obvious filamentation instability.
Introduction
Beam filamentation is an important nonlinear process in laser-plasma interaction, which was prdicted more than forty years ago [1∼3] . Filamentation process occurs as a result of spatial variations in the incident laser irradiation on target that form self-focusing density channels along the direction of propagation. With the advent of intense short pulse laser, a new regime of nonlinear intense laser-plasma interaction becomes important, new laser technology currently permits the achievement of focused intensities as high as 10 18 ∼ 10 21 W · cm −2 [4] . In excess of 10 18 W · cm −2 , the electron mass increases due to the relativistic effect, and the quivering speed of electrons is close to the speed of light, which would give rise to a variety of novel physical effects of beam filamentation which are not observed in the linear regime [5] . These nonlinear phenomenon has attracted a great deal of attention for fundamental research interest and technological applications, such as particle acceleration and inertial confinement fusion [6] . In general, there are three types of mechanism of beam filamentation. Among these are ponderomotive force effects [7] , collisional nonlinearity [8, 9] , and relativistic effects [10] . The ponderomotive and collisional nonlinearity change the dielectric constant by expelling the plasma density from the high intensity region; these mechanisms are active in laser-fusion plasmas. The relativistic mechanism affects the dielectric constant via the increase of electron mass from the relativistic quiver velocity in the electromagnetic wave. Early studies of filamentation [11] in plasmas focused on long time scale, and the most extensively used theory for studying beam filamentation in nonlinear medium is the paraxial ray theory, which is based on expansion of the eikonal and nonlinear dielectric constant up to square term r 2 , where r is the distance from the axis of beam. The theory qualitatively agrees well with experimental observations. With application of the theories, lots research results have been found. For example, SODHA and TRIPATHI [12] explained filamentation of whistlers in a large magnetized plasma as manifestations of ponderomotive and thermal nonlinearities. SHOKRI and VAZIFEHSHENAS [13] investigated the effect of thermal motion of charged particles in the filamentation of a nonrelativistic current-driven plasma in the diffusion frequency region. NIKNAM and SHOKRI [14] investigated the nonlinear filamentation in a nonrelativistic collisional current-carrying plasma in the diffusion frequency region. With the development of short pulse laser, the region of relativistic laser-plasma interaction have become a hot field. KUMAR et al. [15] studied the filamentation of a short pulse laser in a plasma including relativistic as well as ponderomotive nonlinearities. COUAIRON and BERGE [16] developed a theoretical formalism and model for filamentation of ultrashort pulse laser in an ionizing medium.
However, since the conventional theories are based on near axis approximation, where eikonal is expanded up to only the first power in r 2 , they cannot account for changing radial profile of the laser beam from initial Gaussian to that of ring and the latest finding of splitted beam profile. Particularly, if the initial intenstiy is sufficiently larger than the threshold, then near axis approximation fails after some distance of propagation when the intensity has fallen due to defocusing. Subsequently, AKHMANOV et al. [17] , SODHA et al. [8] , and LIU and TRIPATHI [18] developed a nonparaxial theory of self-focusing and filamentation in a plasma characterized by significant collisional or ponderomotive nonlinearity considering the terms up to r 4 in the expansion of eikonal S and irradiance A 2 0 . With application of the nonparaxial theory, some new nonlinear phenomena have been found in laser-plasma interaction. For example, SHARMA and MAHMOUND et al. [19] presented an investigation of the filamentation of an ultrahigh-power laser beam in homogeneous plasma and found ultrahigh laser powers, relativistic and ponderomotive nonlinearities lead to filamentation of the laser beam. GUPTA et al. [20] investigated the effect of ultrarelativistic laser beam filamentation on the third harmonic spectrum and observed laser beam filamentary structure arising from relativistic nonlinearity. ANDREEV et al. [21] studied the filamentation of ultrashort laser pulses propagating in tenuous plasmas. In this regime relativistic and ponderomotive nonlinearities tend to cancel each other.
In the laser-plasma interaction, in order to simplify the complexity of the problem under study, the plasma has been assumed a homogeneous one in many cases; of course, the plasma is in fact a nearly homogeneous plasma only in some experimental observations [22∼24] and theoretic simulations. However, these laboratory plasmas in intense laser beam and target interaction are not idea homogeneous plasmas, and there exists weak or strong inhomogeneity of plasma, for the former the plasma can be considered as homogeneous in some cases, while for the later the influence of inhomogeneity must be taken into account. Due to the effect of plasma inhomogeneity, compared with laserhomogeneous plasma interaction, there occur more colorful and complicated physical pictures in inhomogeneous plasmas. Some investigations of beam propagation in inhomogeneous plasma have been reported, such as, BRANDI et al. [25] investigated relativistic selffocusing of ultraintense laser pulses in inhomogeneous underdense plasmas, and found the beam critical power was greatly dependent on the plasma inhomogeneity. Quasi-exponential decaying underdense inhomogeneous plasmas have been reported and observed in some experiments [26∼28] .
Generally, beam filamentation propagation in plasma present instability phenomenon. Laser filamentation instability is potentially a serious problem for future inertial-confinement-fusion (ICF) schemes that produce long-scale-length plasmas [29] . The filamentation instability is a nonlinear optical effect that has been studied for many years [30] . Experimental observations revealed filamentation instability in laserplasma interaction [31] . Many factors may result in the occurrence of filamentation instability, such as the static magnetic field [32] , the convective heat flux and the temperature anisotropy [33] , ponderomotive force effects [34] , plasma heating or thermal effects [35] , and relativistic effects [36] . Filamentation instability can seriously degrade the laser-plasma coupling, and may affect the ablation pressure uniformity. High intensity filaments can induce other harmful laser-plasma instabilities, such as stimulated Raman scattering or two plasmon decay [37] . Since filamentation has one of the lowest instability thresholds, and produces conditions favorable for other instabilities, it effectively lowers the thresholds and increases the growth rates of these other instabilities. These instabilities degrade the coupling quality by producing superthermal electrons that can preheat the fuel and spoil the gain. Since fillamentation is hard to measure directly, it is even more difficult to diagnose the effect of filamentation on other phenomena. There is also the concern that the laser filaments may pruduce ablation pressure nonuniformities that seed or drive the Rayleigh-Taylor instability in the imploding pellet. To avoid the filamentation instability, as well as to provide some controls over the gross laser beam profile, new optical smoothing techniques have been developed. One of them is the induced spatial incoherece (ISI) method [38] ; another is the random phase screen (RPS) method [39] . Other methods and experimental results based techniques are unmatured and are still under development.
In spite of great achievement in beam filamentation, however, the application of nonparaxial region to the study of relativistic filamentation of intense laser beam in inhomogeneous plasmas has received relatively less attention. In our paper, in order to investigate detailedly the effects of relativistic nonlinearity and plasma nonuniformity on relativistic filamentation, the relativistic filamentations in both homogeneous and inhomogeneous plasmas are investigated based on the nonparaxial region theory. With the application of fourth-order Runge-Kutta numerical method, the results obtained are novel, moreover, the simulation of relativistic beam filamentation and its instability is very intuitionistic by spatial distribution images of beam intensity. The paper is organized as follows. Section 2 briefly describes intense laser beams propagation in plasma. Section 3 presents our numerical results and analysis, and conclusions are drawn in section 4.
Propagation of intense laser beams in plasma
Adopting the WKB approximation, we follow the SODHA et al. [8] approaches. The wave equation governing the electric field of the laser beam in plasma can be written as:
here, j is the high-frequency current density and the term ∇(∇ · E) has been neglected in Eq. 
one obtains the following equation:
here A is a complex function of space and k 0 = ω 0 ε 1/2 0 /c is the wave number of the laser beam in the plasma, we can write (following AKHAMANOV et al. [17] )
where A 0 and S 0 are the real function of space, and ε is the dielectric constant of the plasma
where
here ε 0 is linear part (ε 0 = 1−(ω 
here, a 2 and a 4 are the contributions from the r 2 , r 4 coefficients and are functions of (r, z). Also r 0 is the half width of the Gaussian distribution for the laser. Following the recent work of GUPTA et al. [20] and FAISAL et al.
[40] , the differential equations governing the parameters S 0 , S 2 , S 4 , a 2 , a 4 and the beam width parameter f are given by:
, where
where A 2 0 is the laser beam intensity, f is the dimensionless beam width parameter of laser beam, and normalization distance is ξ = cz/ω 0 r 2 0 , and ρ = r 0 ω 0 /c is the dimensionless width of the beam at z=0 (r 0 is the initial radius of the laser beam, c is the speed of light) and S 4 =S 4 ω 0 /c. Here S 0 , S 2 , S 4 , a 2 , a 4 and the beam width parameter f are functions of (r, z). The parameters S 0 , S 2 and S 4 are components of the eikonal contributions from r 2 and r 4 coefficients in the nonparaxial region; S 2 is indicative of the spherical curvature of the wavefront and S 4 corresponds to its departure from the spherical nature. The parameters a 2 and a 4 are indicative of the departure of the beam from the Gaussian nature. For numerical appreciation of the results, the profile of z dependence of the electron density has been assumed to be linear, i.e. :
where b is a characteristic inhomogeneity parameter, and b=0 and b = 0 denote homogeneous and inhomogeneous plasmas, respectively.
Numerical results and analysis
Eqs. (9)∼ (15) and Eq. (7) are nonlinearly coupled ordinary differential equations governing the S 0 , S 2 , S 4 , a 2 , a 4 and f as functions of the dimensionnless distance of propagation. We choose the following initial boundary conditions and typical parameters: the initial boundary condition are f =1 and df /dξ = 0, a 2 =a 4 =0 and S 4 = 0 at ξ = 0; the initial laser intensity I ≈ 10 18 W · cm −2 , the initial wavelength λ ≈1064 nm. For assessing the influence of plasma inhomogeneity on relativistic filamentation, here the relativistic filamentation is investigated in both homogeneous and inhomogeneous plasmas. According to Eq. (15), we assume that homogeneous plasma ω + ξ) , the dimensionless width of the beam ρ 2 = 300, normalized intensity of incident laser beam βE 2 00 = 3. We solve the equations numerically by using the fourth-order Runge-Kutta numerical method. Fig. 1 presents the spatial distribution of beam intensity in homogeneous and inhomogeneous plasma. It is clearly observed that, the beam intensity exhibits a series of highly located distribution along the propagation distance, which implies that intense laser beam generates highly self-focusing and beam filamentation along the propagation distance. Some previous researches of beam filamentation have shown that the ponderomotive effects play a main role in filamentation in nonrelativistic and weak relativistic laser-plasma interaction
[11∼14] , i.e., ponderomotive filamentation. Compared with beam self-focusing and beam filamentation in nonrelativistic and weak relativistic laser-plasma interaction, both the number of beam filamentation and the intensity of beam self-focusing are obviously strengthened by relativistic nonlinearity, i.e., relativistic nonlinearity plays a main role in intense laser beam propagation porperties (I ≈ 10 18 W · cm −2 ). It is because the drift velocity of electrons in plasma is comparable to the velocity of light in the intense laser-plasma interaction, which causes a significant increase in the mass of the electron and consequently in the effective dielectric constant of the plasma, leading to filamentation and self-focusing of the laser beam. And this filamention is called relativistic filamentation. Next, as shown in Fig. 1(b) , due to the influence of plasma inhomogeneity in inhomogeneous plasma, it is clearly seen that the beam filamentation gets stronger (more number of filaments is generated in the same amount of distance). Moreover, the normalized beam intensity gets significantly reinforced, it is evident that the plasma inhomogeneity further strengthens the nonlinear influence on intense laser beam, and further compresses the beam width and intensifies the beam selffocusing, hence, leading to the formation of stronger and more localized beam intensity. This finding implies the possibility of the generation of particularly intense and short pulses beam by the combination effect of relativistic nonlinearity and plasma inhomogeneity. As shown in Fig. 2 , the intensity of a real initial normalized intensity (βE 2 00 = 3) laser pulse in inhomogeneous plasma is increased by a factor of fourteen due to the combined effect of relativistic influence and plasma inhomogeneity. Generally, beam filamentation propagation in plasma triggers instability phenomenon. The formation mechanism of filamentation instability is very complicated. Many factors may result in filamentation instability, yet the detail formation of beam filamentation instability is still under exploration. Fig. 3 depicts the spatial plan- form of the normalized pulse intensity profile in homogenous and inhomogenous plasmas, and it is evident that the plasma inhomogeneity also affects the relativistic filamentation instability. As clearly shown in Fig. 3 , the beam spot size decreases in inhomogenous plasma compared with homogenous plasma, i.e., the compression of beam width is further strengthened in inhomogenous plasma. Moreover, as seen from the relativistic filamentation coordinate's localization and the colorbar's difference (see Fig. 3(b) ), the number of relativistic beam filamentation presents an increasing trend and its instability gets obviously stronger due to the plasma inhomogeneity. According to the results of KRUER et al. [29] and HERBST et al. [37] , the beam filamentation instability would seriously degrade the laser-plasma coupling and induce other harmful laserplasma instabilities in ICF. Hence, to avoid the filamentation instability, the results show that one should make great efforts to reduce the plasma inhomogeneity in ICF experiments.
Conclusions
In this work, we adopt the nonparaxial region theory to investigate the combination effects of relativistic nonlinearity and plasma nonuniformity on beam filamentation in intense laser and homogeneous and inhomogeneous plasma interaction. The results show that, compared with the ponderomotive effects which play a main role on beam filamentation in nonrelativistic and weak relativistic laser-plasma interaction [11∼14] , it is found that the relativistic nonlinearity has a decisive effect on the formation of beam filamentation in intense laser-plasma interaction, and the plasma inhomogeneity further reinforces the beam filamentation. In the present study, a useful result is presented that the combination effects of relativistic nonlinearity and plasma inhomogeneity can generate particularly intense and short pulse laser. The result would be applicable to electron acceleration by a laser pulse. However, plasma inhomogeneity leads to obvious filamentation instability. Since the beam filamentation instability would seriously degrade the laser-plasma coupling and induce other harmful laser-plasma instabilities in ICF, hence, in order to avoid filamentation instability, we should try our best to reduce the plasma inhomogeneity in experiments.
